Introduction and main results
Let T n be a Euclidean torus. The motion of the classical particle on T n in the presence of a time-dependent potential U : T n × R → R is described by the Newton equation In what follows we assume the potential U to be T -periodic in time. In the present note we prove the following Hopf-type rigidity result: We refer the reader to [ATF] for the standard definition of conjugate points. The proof of 1.B is given in §2.
In the case when the potential U is time-independent a stronger statement was proved by A. Knauf [K] . Namely, if a potential system has no conjugate points in a sufficiently high energy level then U is constant. Knauf uses a Hopf's method (see [H] , [G] ), which relies heavily on the integration of certain curvature-type quantities over the compact energy level. In the time-dependent situation the energy is no longer conserved, and hence the phase space is essentially non-compact. This forms the main difficulty of our problem, and some new tools are needed.
Remark 1.C. Our result remains true in a more general Riemannian context. Namely, the Newton equation (1.A) associated with an arbitrary Riemannian metric on the torus has no conjugate points if and only if the metric is flat and the potential does not depend on q. Indeed, the transformation q(t) → q(εt) maps the solutions of the Newton equation with potential U (q, t) to the solutions of the Newton equation with potential ε 2 U (q, εt). In particular, if the former system has no conjugate points then neither does the latter. In view of this, the Newton equation can be considered as a small perturbation of the equation of geodesics. This immediately implies that the Riemannian metric has no conjugate points, and must then be flat due to the Burago-Ivanov solution of the Hopf conjecture ( [B-I] ; see [Ba] , [C-K] for the history and related discussions). The desired assertion follows now from 1.B.
The Hamiltonian counterpart of the Newton equation (1.A) is a flow ϕ t on T * T n generated by a Hamiltonian function H(p, q, t) = 1 2 |p| 2 + U (q, t). Let ϕ = ϕ T be the time-T -map of the flow. As a consequence of 1.B we get the following:
foliated by ϕ-invariant Lagrangian tori homologous to the zero section. Then the potential U does not depend on q.
Proof. It is well known that every leaf L of the invariant foliation carries a ϕ-invariant absolutely continuous measure. (Warning: such a measure does not necessarily exist if an invariant torus is not a leaf of an invariant foliation!) Then the natural projection to T n of every trajectory lying on L is a minimal extremal of the action functional (see [B-P] , 1.4), and hence the system has no conjugate points. The needed assertion follows from 1.B.
Hopf 's method and Gibbs measure
In this section we prove 1.B. Suppose that (1.A) has no conjugate points. Consider the corresponding extended Hamiltonian flow in the phase space M = T * T n × S 1 where S 1 = R/T Z. Let L be the Lie derivative operator along this flow. As in the classical Hopf method (see [H] , [G] ) one can construct a measurable family A(p, q, t) of symmetric n × n matrices on M which is smooth along trajectories of the flow and satisfies the Riccati equation LA + A 2 + Hess q U = 0 . Moreover, A and LA are uniformly bounded.
Set a(p, q, t) = tr A(p, q, t). Then the inequality tr
It would be easy to complete the proof to the theorem if, following Hopf, we could integrate (2.A) over M . In order to handle non-compactness, we introduce a fastly decaying Gibbs measure dµ U = exp − |p| 2 2 − U (q, t) dp 1 dq 1 · . . . · dp n dq n dt .
Let E U be the space of all measurable uniformly bounded functions a: M → R which are smooth along the trajectories of the flow and whose Lie derivative La is uniformly bounded. The following result is crucial for our purposes:
Lemma 2.B. Assume that the potential U satisfies
Proof. Integrating by parts and using the fact that the Liouville measure is invariant under the flow we get that
Hence, the Cauchy-Schwartz inequality in
. Then we get that
Notice now that the left-hand side of (2.C) is just the discriminant of this quadratic function. The needed assertion follows immediately.
The next step is to apply the renormalization procedure of 1.C to our potential system. This procedure does not change the essential behavior of the system and, in a sense, allows one to work in a neighbourhood of the Euclidean geodesic flow. For ε > 0 define a renormalized potential 
